We explore some geometric properties of Lie groups admitting a left-invariant vector tield with equidistant flow lines.
If H is a closed subgroup of a Lie group G with left-invariant metric, then under certain conditions, the left-invariant foliation {gH ( g E G} of G has equidistant leaves. When this happens, the metric projects naturally to one on the quotient G/H. These were perhaps the first nontrivial examples of Riemannian submersions, and have been extensively studied, notably to construct new metrics on homogeneous spaces. But the very fact of being able to partition a space into equidistant submanifolds imposes strong restrictions on its geometry. In this paper, we focus on the ambient space rather than the base, and explore some geometric properties of Lie groups admitting such foliations. In the present context, H is not assumed to be closed, nor is the metric necessarily right-invariant under H.
Of particular interest are homogeneous foliations, those whose leaves are locally orbits of isometry groups. In dimension one, i.e., for the flow of a left-invariant vector field X, this happens when for example adx is skew-adjoint. It is shown that in this case, each point of G is contained in some flat minimal rectangle, which is in fact totally geodesic when G is evendimensional, so that the metric is of higher rank in a certain sense. There are of course many more left-invariant homogeneous flows than those for which adx is skew-adjoint, but it turns out that, at least for unimodular G, they all share the property that Ric(X) 3 0. This leads us to characterize those Lie groups that admit a direction of nonnegative Ricci curvature which is independent of the given left-invariant metric (for sectional curvature, Milnor [S] conjectured this direction should be central).
Higher-dimensional foliations are explored next. On nilpotent groups for example, leftinvariant foliations are Riemannian precisely when they are generated by ideals, and are therefore homogeneous fibrations with minimal leaves. As an application, Riemannian solvmanifolds always admit homogeneous harmonic foliations. Finally, we point out that even though Riemannian foliations need not, in general, be left-invariant, there is at least one important exception: On the Heisenberg groups, the Riemannian foliations by hypersurfaces coincide with the left-invariant ones, and are thus always generated by an ideal. This property, which is well-known for abelian groups, follows from the fact that although the Heisenberg groups are not symmetric spaces (so that the curvature tensor is not parallel), the Ricci tensor is parallel, in the sense that Ric(?) is constant along a geodesic c.
Basic concepts
In this section, we introduce some notation and recall the main concepts that will be used. A foliation 3 of a Riemannian manifold M is said to be metric or Riemannian if the leaves of 3 are locally everywhere equidistant. In our context, M will almost always be a Lie group G with left-invariant metric, and the foliation will consist of left cosets of a connected subgroup H. Such foliations will be called left-invariant. Metric considerations then take place entirely in the Lie algebra 0 of G. It is for instance straightforward to check that the foliation is metric if and only if ([V, Xl, w = 0.
v E ly), x E fJk (1.1)
with IJ denoting the Lie algebra of H. Thus, the foliation will be Riemannian if for example the metric is AdH-invariant. It will also be Riemannian if H is a normal subgroup of G, regardless of the left-invariant metric. Typical examples are the Hopf fibrations of the Lie group S" of unit quaternions in the first case, and the fibrations of the Heisenberg groups H,, generated by the center in the second case. The majority of examples, though, do not fall into either category: Example 1.2. Let JJ denote the metric Lie algebra with orthonormal basis V. X, Y where
It is not difficult to check that 0 is the noncompact simple Lie algebra of SL(2, Iw). The leftinvariant vector field V generates a Riemannian foliation, but ad" is not skew-adjoint, nor is (V) an ideal.
A foliation on a Riemannian manifold M induces an orthogonal splitting TM = V CD K of the tangent bundle into vertical and horizontal subbundles, with the first factor tangent to the leaves. The corresponding decomposition of u E TM is written u = uU + uh. The leaves are locally given by the fibers of submersions r : U -+ B which are Riemannian whenever the foliation is Riemannian. A horizontal vector field X is said to be basic if it is n-related to some vector field on B. An equivalent, global characterization is that a horizontal X is basic if its flow preserves the foliation, i.e., if [X, V] is vertical for vertical V. Thus, for Lie group foliations, horizontal left-invariant vector fields will not in general be basic, unless b happens to be an ideal.
The integrability tensor is the 2-form A on 3c with values in V given by Let Rc denote the self-adjoint linear operator R(-, k)i: of the tangent space Mi of M at ?, so that J" = -Rt J. Using (1.6) and the fact that for any c, there is a vertical basis of holonomy Jacobi fields that are orthonormal at t, it is straightforward to check that the Riccatti-type equation
holds along c, see also [3, 7] . Two more concepts will be needed: A foliation is called homogeneous if locally, its leaves coincide with the orbits of some group of isometries acting freely on M. A homogeneous foliation is necessarily Riemannian. The converse is not true, even for Lie groups: We will later see that the one in Example 1.2 is not homogeneous. The reader should be cautioned that homogeneity has a stronger meaning here than in [5] : Their definition, which is tailored for spaces of constant curvature, does not imply that the foliation is Riemannian in arbitrary spaces. In fact, a leftinvariant foliation of a Lie group is always homogeneous in the sense of [5] regardless of the left-invariant metric. Finally, 3 is said to be isoparumetric if the mean curvature vector field of the leaves is basic. Clearly, homogeneous foliations are always isoparametric.
Flows
We first consider one-dimensional left-invariant foliations, or on the Lie algebra level, an element V E 0. V will be said to be metric or homogeneous if the corresponding foliation has that property. Recall that the unimodular kernel of g is the ideal consisting of all X E 0 with tr adx = 0. This ideal always contains [g, 81, and if it equals all of 8, then 0 is said to be unimodular. It follows from (1.1) that any metric V E 0 belongs to the unimodular kernel u of 0, and the restriction to u is again metric.
By definition, V is homogeneous if locally there exists a positive function h such that h V is a Killing field. Two special cases are worth mentioning:
(1) h = 1, i.e., ad" is skew-adjoint, or equivalently, V is both metric and totally geodesic; (2) hV = v, where ? is the right-invariant vector field with v, = V,. This means that left and right cosets coincide, or equivalently, that (V) is an ideal.
Propsition 2.1. A metric V E (I is homogeneous if and only if Vv V is orthogonal to [g, 01.
In particular, such a V, if not already Killing, becomes so when restricted to the codimension
Proof. Suppose V is homogeneous, and consider the mean curvature 1 -form K of the foliation,
Essentially the same argument establishes that V is homogeneous whenever K is closed. Finally, observe that since
The case when V itself is Killing-i.e., both metric and totally geodesic-is of special interest, even on more general Riemannian manifolds: In particular, eigenspaces of Rv corresponding to nonzero eigenvalues must be even-dimensional, so that there is a basic X with RvX = AX = 0. This X is then a parallel Jacobi field, and the rectangle F defined above becomes totally geodesic. Cl
We will say the metric on M is qf higher rank if each point of M is contained in some flat This occurs for example if g has nontrivial center. Notice, though that these flat rectangles will not, in general, be generated by a subalgebra of g, since basic fields need not be left-invariant. see [2] . We may assume V is not autoparallel, since otherwise any plane containing V already has nonnegative sectional curvature by the proof of 2.2. So let U = -VV V/l VV V 1, and extend U, V to an orthonormal basis U, V, Xi of g. By 2.1, U I [g, 01, and V is autoparallel in the codimension 1 ideal U'. It follows that ad 1 v ,,I is skew-adjoint, so that (2.5) becomes
Theorem 2.4. Let G denote a unimodular Lie group with left-invariant metric. If the leftinvariant foliation generated by V E g is homogeneous, then
with Ei ranging over the basis U, V, Xj. The first term on the right side in (2.6) vanishes because U -L [g, g] . The second term may be written as
Since V is homogeneous, it is isoparametric, and ad" U is vertical. Thus the first two terms in the above identity are 0, whereas the third one appears in (2.6) with opposite sign. This shows that Ric(V) 3 0. c3
We recall that in general, even if 0 is not unimodular, a metric field V always belongs to the unimodular kernel, and induces a metric foliation there. More interestingly, Theorem 2.4 has the following consequence: If V spans a one-dimensional ideal on a unimodular 0, then Ric( V) 3 0 for every left-invariant metric. Recall that Milnor [8] conjectured that central vectors are the only elements with the property that every plane that contains one has nonnegative sectional curvature, regardless of the left-invariant metric. This was proved in [l] . It follows from the above that this is no longer true for Ricci curvature. In fact, one has: 
VI/V = (VvV, X + aY)(X + aY) = -(ad*, V, X + aY)(X + aY) = -(ad\) X. V)(X + aY) = -a(X + aY).
It will be shown in Section 3 that since (V) is an ideal.
Ric(V) = -tr ado,." +i C([E;
. Ej]. V)".
(2.9)
Then -tr adv,," = a(tr adx +a tr ady) < 0 if a is adequately chosen. Now modify the inner product further by multiplying the length of vectors in g1 f' Vi by 1 /t, c > O.Then tr ado, v remains unchanged, whereas the second term on the right side of (2.9) can be made arbitrarily small, and Ric( V) would become negative, which is impossible.
In conclusion, g = I1B. X @ gl, with g1 unimodular, V E j(g]), and
The assertion in (2) now follows since the last term may be made arbitrarily small. For the converse, we need only consider the case when g has trivial center. So suppose g = Ps . X CD 81, where g1 is a unimodular ideal, V E j(g1 ), and fix some left-invariant metric. Since V is an eigenvector of ad X, it spans an ideal in (1, and g1 = ker ad\, Consider an orthonormal basis {E; ] of g with El l_ 81. Then E I = UX $-Y for some Y E g and nonzero (1 E Ps. Moreover, VvV = 1 -(ad" Ei, V)Ei = (a tr adx/(v;) . El. so that -tr ado," = --a tr adx I(v) . tr adE, = --cI' tr adx I("; tr adx 3 0, and Ric(V) 3 0 by (2.9). 0
Higher-dimensional foliations
Recall from Section 1 that if H is a connected Lie subgroup of G with Lie algebra IJ, then the left-invariant foliation generated by H will be metric iff ([V, X]. X) = 0 for all V E IJ and X E IJ~. In particular, if b is an ideal, then the foliation will be metric regardless of the inner product, and in fact will be homogeneous. Several features of codimension 1 ideals described in [8] generalize to arbitrary codimension. We briefly describe them below. As usual, we will alternate between a connected Lie group and its Lie algebra without further comment.
LetU,VEIJ.IfX-Lh,then
(VI/V, X) = ;u1x, Ul, V) + ax, VI, U)>.
It follows that the second fundamental tensor S of the leaves is given by
Here is one application:
Proposition 3.2. Let g be a unimodular Lie algebra, b a subalgebra containing [g, 01. Then the left-invariantfoliation of G generated by H is a homogeneousjbration with minimal$bers.

Proof. fj is an ideal, and adx(bl) c [g, g] c lo.
Thus, tr L x = tr adx = 0, and the leaves are minimal by (3.1). They are actually fibers of a fibration since H is normal. 0
Notice that in 3.2, the quotient is a flat (indeed, abelian) Lie group. If in addition b has codimension 1 (i.e., if b = Xl, for some X _L [g, g]), then the fibration has minimal fibers and vanishing A-tensor (cf. also [lo] ), even though the metric on G is not, in general, a product metric. (It is well known that a metric foliation with totally geodesic leaves and zero A-tensor coincides at least locally with the fibers of the projection of a metric product onto one of the factors).
Before discussing another application of (3.1), we recall the following terminology: A Riemannian solvmanifold is a quotient r\G of a solvable Lie group G by a cocompact discrete subgroup r, together with the Riemannian metric inherited by some left-invariant metric on G.
Corollary 3.3. Any Riemannian solvmanifold M admits a homogeneousjibration with minimal leaves (and in fact, with vanishing A-tensor).
Proof. Since M is compact, G is unimodular by Notice that for the Lie groups in 3.6, such Riemannian submersions always exist: Take for instance 9 = ~[g, g], in which case the leaves are intrinsically flat (but in genera] not minimal). 
Hypersurface foliations in Heisenberg groups
In general, the class of metric left-invariant foliations on a given Lie group is significantly smaller than that of all metric foliations, For codimension 1 foliations, one important exception is that of abelian groups: It is well known that any metric hypersmface foliation of Euclidean space is a fibration by parallel hyperplanes, so that it may be viewed as the left-invariant fibration generated by a codimension one ideal. We wish to extend this fact to the Heisenberg group H,, consisting of all matrices of the form It turns out that here too, the Riemannian codimension one foliations are precisely the leftinvariant ones generated by an ideal. Thus, they are Riemannian for every left-invariant metric, and it follows from 3.4 that they always have minimal fibers. Let Z be a unit vector field spanning the center 2 of the Lie algebra of H,,. Given any left-invariant metric, the linear operator VZ Even though the Heisenberg group is not a symmetric space (in which the curvature tensor is parallel). it has a Ricci tensor which is parallel in the following sense: 
